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Abstract. Let (Ft) be a smooth flow on a smooth manifold M 
and h : M ^ M be a smooth orbit preserving map. The following 
problem is studied: suppose that for every z G M there exists a 
germ of a smooth function at z such that h{x) — Fo,(x) {x) near z; 
can the germs (az)zej\/ be glued together to give a smooth function 
on all of M? This question is closely related to reparametrizations 
of flows. We describe a large class of flows (Ff ) for which the above 
problem can be resolved, and show that they have the following 
property: any smooth flow (Gt) whose orbits coincides with the 
ones of (Ft) is obtained from (Ft) by smooth reparametrization of 
time. 



1. Introduction 

Let M be a smooth (C°°), connected, m-dimensional manifold possi- 
bly non-compact and with or without boundary, F be a smooth vector 
field on M tangent to DM and generating a fiow F : M x M — > M , and 
S be the set of singular points of F. For x G -F we will denote by Ox 
the orbit of x and if x is periodic, then Per(x) is the period of x. 

Let T>{M) be the group of all C°° diffeomorphisms of M and T>{F) 
be the subgroup of V{M) consisting of all diffeomorphisms ofF, that 
is diffeomorphisms h : M ^ M such that h{o) = a for every orbit of 
F. A natural problem, which usually appears in studying functional 
spaces, is to find general formulas for elements ofV{F), or parametrize 
ViF) with elements of a certain space which seems to be simpler, e.g. 
with functions. In general this question is very difficult. However, if 
we confine ourselves with the path component of I^(F) with respect to 
some natural topology, then in many cases the mentioned problem can 
be satisfactory resolved in terms of the fiow of F. 

The aim of the present paper is to give sufficient conditions when the 
local parametrizations of elements ofT>{F) via functions can be glued 
to a global one", (Theorem 15.251) . We also present a class of vector 
fields satisfying those conditions (Theorem 18.411) . 
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We will now explain the meaning of the previous paragraph. First 
of all it is more convenient to extend T>(F) and work with the sub- 
semigroup S{F) of C°°{M,M) consisting of maps h : M ^ M such 
that 

(1) h{o) C o for every orbit o of F; 

(2) /i is a local diffeomorphism at every singular point 2; G S. 

We will call S(F) the semigroup of endomorphisms of F. Evidently, 
V(F) =S(F)nV{M). 

For < A; < 00 denote by £^id(F)'^ (resp. X'id(F)'') the path com- 
ponent of the identity map id-M in S{F) (resp. ^^(F)) in the weak 
topology W'^, see §2.2[ It follows that £^id(F)^ consists of all maps 
h e ^(F) which are homotopic to id^ in ^(F) via a homotopy which 
induces a homotopy on the level of k- jets. In particular, £^id(F)° con- 
sists of all h G ^(F) homotopic to idju in ^(F). Moreover, ^id(F)'^ for 
k > 1 contains (but does not coincide with) the space of all h G S{F) 
homotopic to idAf in S(F) via some C'^ homotopy. Similar descriptions 
hold for Pid(F)^ 

Define also the following map ip : C°°{M, R) C^^M, M) by 

= F(x,a(x)), aGC°°(M,R), 

which will be called ip the shift map along the orbits of F, see 1220. 
The map h = (fia) : M —>■ M will be called the shift via a, which in 
turn will be a shift function for h. Denote the image of (p in C°°(M, M) 
by Sh{F). 

Lemma 1.1. Lm. 20 & Cor. 21] Let a G C°^(M,M) and z e M. 
Then (p{a) is a local diffeomorphism at z iff and only if F{a){z) 7^ —1, 
where F{a) is the Lie derivative of a along F. In particular, this holds 
for each z eT,, as F{a){z) = —1. 

Finally, consider the following subset of C°°(M, M): 

r+ := {a G C°°(M,M) : F{a) > -1}. 

Lemma 1.2. [26, Lm. 3.6] The following inclusions hold true 

Sh{F) C ^id(F)- C ■ ■ ■ C Si^iFY C ^id(F)0, 

Vvm) C Pid(F)- C ■■■ C Pid(F)i C I?id(F)0. 

IfV;A{Ff C Sh{F) for some A; = 0, . . . , 00, e.g. if Sh{F) = ^id(F)^ 
then if{r+) = VidiF)K 

The identity Sh{F) = £^id(F)'^ means that for each h G S{F) being 
homotopic to id^ via a homotopy in S{F) inducing a homotopy of 
k-jets there exists a smooth function a/^ : M — > M such that 

(1.2) h{x) = F{x,ah{x)), 

must warn the reader that my paper [221 contains some misprints and gaps. 
However, they are not "dangerous" for the present paper, see Rcmark ll.4l below. 
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for all X G M. Then the representation (11.21) can be regarded as general 
formulas for elements of Sid{FY mentioned above. 

In general, every h G £^id(F)'^ has a C°° shift function A defined at 
least on M\E. This A can be uniquely reconstructed from a particular 
homotopy between h and id a/ in S{F), but it may depend on such a 
homotopy and does not always extend to a smooth function on all of 
M, see [22, Th. 25] and Theorem 14.161 In fact the following statement 
holds true: if S = 0, then Sh(F) = £^id(F)° and the map 

y?:C°°(M,R) — > Sh(F) = Sid{F)^ 

satisfies a covering path axiom. 

Suppose E 7^ 0. It is shown in [22] (see Corollary 18. 38p that if F is 
linearizable (or more generally a "regular extension" of a linear vector 
field) at each of its singular points, then Sh(F) = £^id(F)°. Moreover, 
in [221 [2Z| there were given examples of vector fields F on for which 
Sh{F) = Sid{FY and that for some of them £id{FY ^ ^id(F)°, see 
Lemma [9381 The results of the present paper arise from analysis of 
those examples. 

In this paper we consider the problem of gluing local shift functions 
to a global one. More precisely, let h G S(F) and suppose that for each 
?/ G S there exists a neighbourhood Vy and a C°° function ay : Vy ^ W 
such that ([L2]) holds for all x e Vy. Does there exist a G C°°{M,R) 
such that (11.21) holds on all of M, that is whether h G Sh{F)7 

Due to Lemma it is necessary that h G £^id(F)'^ for some A; > 0. 
Our main results (Theorems 15.241 and 15.25]) claim that if A; > 1 and 
some rather general assumptions on singular points of F hold true, then 
h G Sh{F). Theorems I5.24l is based on results of M. Newman, A. Dress, 
D. Hoffman, and L. N. Mann [6] about lower bounds of diameters of 
Zp-actions on topological manifolds. 

In [|8] we present examples of vector fields satisfying assumptions of 
Theorems 15. 24[ We also prove that such vector field are in some sense 
"maximal with respect to reparametrizations" , see Theorem 18.411 

Remark 1.3. The idea of substituting a function into a flow-map 
instead of time is not new, see e.g. [HI [3l HSj [20l [39l HH |19], where 
reparametrizations of measure preserving flows and mixing properties 
of such flows are studied. In particular, in those papers the values of 
such functions and orbit preserving maps on sets of measure zero were 
ignored, so they allowed to be even discontinuous. 

There are also analogues of this approach for discrete dynamical 
systems on Cantor set, e.g. [TOl HH [I]. 

In the present paper we consider smooth orbit preserving maps and 
require smoothness of their shift functions. This turned out to be useful 
for the study of homotopical properties of groups of orbit preserving 
diffeomorphisms for vector fields, and stabilizers and orbits of certain 
classes of smooth functions with respect to actions of diffeomorphism 
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groups, see [221 [Ml ESI EH] • The results of this paper will be used to 
extend [21]. 

Remark 1.4. As noted in the introduction, the paper [22j contains 
some misprints and gaps. However they do not impact on the results 
of the present paper. 

1) The proof of [221 Pr- 10], used for [221 Th. 12] (see Theorem is 
incorrect: it was wrongly claimed that the map "^{x, *) : X — > G'L„(M), 
associating to each t the Jacobi matrix of the flow map $i at x, is a 
homomorphism. Nevertheless the statement of [221 Pr- 10] is true, and 
reparations and extensions of that proposition are given in [22]. In 
particular, Theorem l3.8l is valid. 

2) [221 Defn. 24] should contain an assumption that ft is a local 
diffeomorphism at every z & (1 V (i.e. belongs to S{F,V)). This 
assumption was explicitly used in [221 Th. 27 & Lm. 31] but it was 
not verified in [22l Lm. 29] so the proof of that lemma requires simple 
additional arguments. We provide them in 1) of Lemma 17. 31[ 

3) [221 Eq. (10)] is misprinted and must be read as follows: 



See Eq. 04.91) for another variant of this formula. 

4) Assumptions of [221 Defn. 15] are not enough for the proof of [221 
Th. 17]. In fact in [221 Defn. 15] it should be additionally required (in 
the notations of that definition) that ipv{-M) is open in y9v'(C°°(V, M)) 
with respect to some topology W^. Such an assumption was explicitly 
used in [221 Th. 17]. This implies useless of [221 L^i- 28] being the part 
(B) of [221 Th. 27] concerning (S)-points and verifying [221 Defn. 15] 
for linear vector fields, and also incorrectness of the part of [22', Th. 1] 
claiming that the shift map (p is either a homeomorphism or a covering 
map. 

5) The "division" lemma [221 L^^- 32] also is not true. Let F be 
either the field R or C, be an open neighbourhood of the origin in F, 
and Z : C°°{V,¥) C°°{V,¥) be the multiplication by z map, that is 
Z{a){z) = za{z) for a G C°°{V,¥). Evidently, Z is an injective map. It 
was wrongly claimed in [221 Lni- 32] that the inverse of Z is continuous 
between topologies for all r. In fact, it follows from the Hadamard 
lemma, that in the case F = M the map Z~^ is continuous from W"*"^ 
topology to W for all r > 0, while in the case F = C I can only prove 
that Z~^ is continuous only between W°° topologies. This implies that 
the estimations of the continuity of the local inverses of shift maps are 
incorrect, see paragraph after [221 Eq- (26)]. 

Incorrect statements mentioned in 4) and 5) are not used in the 
present paper. Their reparation is given in [28j . 




All other results in are correct. In particular, besides Theo- 
rem 12 and Eq. (10) we will use only the following "safe" statements 



from [22]: [22l Lm. 5 & 7] (see Lemma [32D, [221 Lm. 20 & Cor. 21] 



a{x) = pi o f(x) — pi o <l>(x, a) + a. 
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(see Lemma n. II) . \22^ Th. 25] (it will be extended in Theorem 14.161) . 
[221 Lm. 29] (it will also be extended in Theorem 19.471 of the present 
paper), and [221 Eqs. (23)- (26)], see §iH2HH31 

1.1. Structure of the paper. In next section we recall the definition 
of Whitney topologies and introduce certain types of deformations. 
Then in §3] we define shift maps of a vector field for open subsets 
V (Z M and recall their properties established in [221 [29] . In ^ we 
prove Theorem 14.161 about existence of shift functions on the set of 
regular points of a vector field. 

Further in ^ we prove Theorem 15.241 being the main result of the 
present paper and deduce from it certain sufficient conditions when 

= ^id(F)'^ for some A; > (Theorem 15.251) . 

In §n] we show that "i/ie identity Sh(F) = £^id(F)^ is preserved if 
we properly decrease our manifold" , see Lemma [6.291 This statement 
will not be used but it illustrates local nature of assumptions of Theo- 
rem [5]25l 

Further in ^ we consider regular extensions of vector fields and 
prove a lemma which, in particular, accomplish some missed arguments 
of [221 Lm. 29], see 2) of Remark Ol 

^describes examples of vector fields such that ShiF) = Si^(F)^ for 
some k > 0. In particular, we recall certain "extension" properties 
{EY, {d > 0), for singular points of F introduced in [22] ■ Property 
(i?)° guarantees Sh(F) = £^id(F)°. On the other hand we also give 
examples of vector fields for which Sh{F) = £^id(F)^ ^ £^id(F)°. At the 
end of ^ we formulate Theorem 18.411 which describes a class of flows 
satisfying Sh(F) = £id(F)\ 

Further in ^ we introduce another properties ESD{l;d,k) which 
guarantee Sh(F) = £^id(F)'^ and prove Theorem 18. 41[ 



2.1. Real Jordan normal form of a matrix. For G N let be 

the unit {k x A;)-matrix, A he a square {k x A;)-matrix, and a, 6 G M. 
Define the following matrices: 



For square matrices A, B it is also convenient to put A® B = 

Now let C be an (n x n) matrix over M. Then by the real variant 
of Jordan's normal form theorem, e.g. [38], C is similar to a matrix of 
the following form: 



2. Preliminaries 





© iq^{a^±lK)) ® ® Jp,(Ar) 



where Co- ± iha^ G C and At- G M are all the eigen values of C. 
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2.2. Deformations. Let T be a topological space and y, S", t/ be smooth 
manifolds. We introduce here special types of deformations which will 
be used throughout the paper. 

Recall that for every A; = 0, . . . , oo the space U) can be endowed 
with the so-called weak topology which we will denote by W'^, see [13] 
for details. A topology W coincides with the compact open one, [2T] . 
while topologies W'^, (fc > 1), can be defined as follows. 

Let J^iy^U) be the manifold of fc-jets of maps h : V ^ U . 
Associating to every such h its fc-jet prolongation j^h : V —>■ J'^{V, U), 
we obtain a canonical embedding C^{V, U) C C^(y, T'iV, U)). Endow 
C'^iy, J^(y, U)) with the topology W. Then the induced topology on 
C^{V, U) is called W^. Finally, the topology W°° is generated by all 
for k < oo. 

For a subset H C C^{V,U) denote by C^{S,n) the space of all 
maps VL -.V X S ^ U such that VL^j = a) : V ^ U belongs to 7i for 
each aeS. Thus C''{S,n) C C'iV x S, U). 

Definition 2.5. Let H C C°°(V, f/) be a subset. A continuous map 
(2.3) n-.VxSxT^U 

will be called an {S,T, k)- deformation in Ti if 

(1) for every {a,r) E S x T the map Q(a,T) = ^{■,o',t) : V ^ U 
belongs to Ti; 

(2) for every r eT the map VLr = - jt) : V x S ^ U is C°° and 
the induced mapping 

{Vx S)xT^ J\V X S,U), (x, a, r) ^ fn^ix, a) 
is continuous. 

Roughly speaking S is the space of C°°-parameters and T is the 
space of "almost" C'^-parameters of the deformation Q. We will usually 
denote the "space of parameters" S x T hy P. 

Evidently, Q can be regarded as the following map 

u -.T ^C'^{S,n) cC°°(Vx S,U), uj{T){a){x) =Q{x,a,T). 

Let S* = * be a point, so Q : V x T ^ U and uj : T Ti. Suppose 
also that T is locally compact. Then it is well known, e.g. [21J, that 
continuity of VL is equivalent to continuity of uj into the topology W*^ 
of Ti. Therefore it follows from the above description of W'^ that a 
(*; T, /c)-deformation is the same that a continuous map T Ti into 
the topology W'^. 

A (*; T, /c)-deformation will also be called a (T, k)- deformation. More- 
over, if T = J, then an (J, /c)-deformation VL -.V x I will be called 
a k-homotopy . It can be thought as a continuous path I ^ Ti into the 
topology W'^. In particular, a 0-homotopy is a usual homotopy. 
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If T = * is a point, then Q, : V x S ^ U is a C°° map which, by 
definition, belongs to C°°(S', Ti). In this case k does not matter and we 
will call Vt an {S,C°°)- deformation. 

The following lemma is left for the reader. 

Lemma 2.6. Let Q be an {S';T' , k)- deformation given by fl2.3p . Let 

also S' and U' be smooth manifolds, T' be another topological space, 
H : S' ^ S and u : U ^ U' be smooth maps, and p : T' ^ T be a 
continuous map. Then the following map 

n-.V X S' xT' ^U', n{x, a, r) = n o n{x, p{a),p{T)) 

is an {S']T' , k)- deformation. □ 

3. Shift map 

3.1. Local flows. Let F be a vector field on M tangent to dM. Then 
the orbit of a point x G M is a unique map : M D (a^, h^) ^ M 
such that F^.(0) = x and ^Fj. = -F(F^), where {ax,bx) C M is the 
maximal interval on which a map with the previous two properties can 
be defined. If x is either zero or periodic point for F, then (a^., fo^,) = ^■ 

By standard theorems in ODE the following subset of M x M 

dom(F) = u X X {a^,b^), 

xeM 

is an open, connected neighbourhood of M x in M x M. 

Then the local flow of F is the following map, being in fact C°°, 

F : M X M D dom(F) — > M, F{x,t) = F^{t). 

If F has compact support, then dom(F) = Af x M, so F is a global fiow, 
e.g. [38]. 

It is well-known that if F is not global, then we can find a smooth 
strictly positive function /i : M — > (0, +00) such that the fiow G of 
G = fiF is global, e.g. p, Cor. 2]. 

3.2. Shift map. For open V C M let func(F, y) be the subset of 
C°°(y, M) consisting of functions a whose graph {{x,a{x))\x G V} 
is contained in dom(F). It F either has no non-periodic orbits, or 
generates a global fiow, then func(F, V) = C°°{V,R). 

Then we can define the following map 

ipv:C^{V,R) D func(F,y) — > C°°{V,M) 

by (/?y(a)(x) = F{x,a{x)). We will call ipv the shift map along the 
orbits of F and denote its image in C°°(M, M) by Sh{F, V). 

Denote by £^(F, V) the subset of C°°(V, M) consisting of all mappings 
h:V ^ M such that 

(1) h{o n V) C o for every orbit o of F, and 

(2) h is a. local diffeomorphism at every singular point 2; G E fl y. 
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Let also £^id(F, V)'', {0 < k < oo), be the path-component of the iden- 
tity inclusion iy : V C M in S(F, V) with respect to the topology W*^. 
It consists of all h G S{F, V) which are fc-homotopic to iy in S(F, V). 
If V = M, then we will omit V and simply write S{F) := S{F,M), 
func(F,M) := func(F), Sh{F) := 5/i(F,M), and so on. 
It can be shown similarly to Lemma fL2l that 

ShiF, V) C ^id(F, Vrc---C ^id(F, Vy C ^id(F, Vy. 

We study the problem whether Sh{F, V) = Sid{F, Vy for some k. 

Lemma ES] below implies that S(F, V) and Sh(F, V) do not change 
under reparametrizations, that is when we replace F with fiF for some 
strictly positive, C°° function fi : M ^ (0,+oo). Therefore we can 
always assume that F generates a global flow. This simplifies many 
arguments. 

3.3. The kernel of shift map. The following subsetO 

ker(v9y) := v?v^(V) 

of C°°{V,M.) will be called the kernel of ipv Thus ker(<^y) consists of 
all fi G C°°{V,M) such that F(x, = x for every x eV. 

Lemma 3.7. [22, Lm. 5 & 7] Let a,/3 e func(F,\/). Then (^y(a) = 
ipv{(^) iffa-P G ker((^v'). Hence z/func(F) = C°°(V,M), then ker((^y) 
is a group with respect to the point-wise addition and ipv yields a 
bijection between the factor group C°°{V,M.)/ keT{(pv) o-nd the image 
Sh{F,V). 

Every 6 G ker((y9y) is locally constant on orbits of F. If x E V is 
non-periodic, then 9{x) = 0. If x is periodic, then 9{x) = nPer(a;) for 
some n G Z. 

Theorem 3.8 (Description of ker((/?y)). [221, Th. 12], [29j Let V C M 
be a connected, open subset. //IntS (IV ^ 0, then 

ker(v9y) = {fie func(F, V) : /i|y\ints = 0}. 

Suppose n V is nowhere dense in V . Then one of the following 
possibilities for ker(<y9y) is realized: 

Non-periodic case: ker((y9y) = {0}, so (pv is injective. 

Periodic case: ker((y9y) = {n6}nez for some 9 G C°°(ViM) called 
the positive generator o/ker(99y) and having the following proper- 
ties: 

(1) 9 > Q on all ofV, soV\T, consists of periodic points only, and 
therefore func(F, V) = C^{V, R); 

(2) there exists an open and everywhere dense subset Q G V such 
that 9{x) = Per(x) for all x G Q; 

(3) for every orbit o of F the restriction 9\onv is constant; 



^In 22 ker((pv/) was denoted by Zjd- 
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(4) 9 extends to a C°° function on the F -invariant set U = F(Vx]R) 
and the vector field G = 9F generates a circle action on U: 

G:UxS^^U, G{x,t) = F{x,e{x) -t), 

where xeU,teS^= M/Z. 

3.4. Reparametrization of time. The following lemma describes the 
behavior of Sh(F) and S(F) under reparametrizations of time. 

Lemma 3.9. c.f.[30] Let fi : M ^ be a C°° function. Consider the 
vector field G = fiF. Denote by T,f and Sc the sets of singular points 
of F and G respectively. Then the following statements hold true. 

1) ^(G) C ^(F), and S{G) = £(F) iff fx on M \Ef. 

2) Sh{G) C Sh(F), and Sh{G) = Sh{F) iffii^Q on M\IntS^. 

Proof. 1) Evidently, every orbit of G is contained in some orbit of F, 
whence £{G) C SiF). Suppose 7^ on M \ Hp- Then the foliations 
by orbits of F and G coincide, whence S{G) = S{F). Conversely, if 
li{x) = for some x G M \T,p, then x is a fixed point for G, so 
h{x) = X for every h G S{G), while S{F) contains maps g such that 
g{x) ^ X. Hence £{G) C S(F). 

2) Define the following function a : dom(G) — > R by 

(3.4) 7(a;,s)= [ i^{G{x,t))dt. 

Jo 

Then it is well known that G{x,t) = F(x, 7(0;, t)), e.g. fJ, Prop. 1.28]. 
It follows that 

(3.5) G(x, a(x)) = F(x, 7(x, a(x))), a G func(G). 

Hence Sh{fiF) C Sh{F). 

Suppose /i 7^ on M\IntSi?. Then /i 7^ on some neighbourhood of 
M \ IntSi?, so we can find another function i/ : M — >■ (0, +00) which is 
strictly positive and coincides with /i on a neighbourhood of M\IntEi?. 
Hence G = fiF = uF and F = ^G. Therefore Sh{F) C Sh{G), and 
thus Sh{G) = Sh{F). 

Conversely, suppose fi{x) = for some x G M \ IntSi?. Let j3 G 
func(F) be a function such that P{x) 7^ 0, and g = ip{l3). If x is 
periodic, we will assume that < j3{x) < Per(x). We claim that 
g G Sh{F)\Sh{G). 

Suppose g{x) = G{x,a{x)) for some a G func(G). Put P'{x) = 
'y{x,a{x)). Then by (13. 5p g{x) = F{x, P'{x)), whence u = P — P' E 
keY{ip). On the other hand by (13.41) 7(x, s) = for all s. In particular, 
f3'{x) = 0. We will show that f3{x) = which contradicts to the 
assumption. Consider three cases. 

(a) IntSi? 7^ 0. Then by Theorem 13.81 /3 — f3' vanishes on M \ IntS. 
In particular, (3{x) = 0. 

(b) IntEi. = and ker((/?) = {0}. Then P = p' . 
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(c) lntT,p = and ker^ip) = {n9}n(zz- Then jd — jd' = nO for some 
n G Z. But by assumption < < Per(x) < 0{x) and 13' {x) = 0, 
whence (3{x) = as welL □ 

Corollary 3.10. Let fx : M ^ M be a C°° function such that n(x) = 
for some a; G S \ IntS, and G = fiF. Then Sh{G) ^ ^id(G)°°. 

Proof By Lemma El] 5/i(G) C Sh{F) C Sid{F)^ = ^id(G)°°. □ 

3.5. Property GSF. In [27] shift map was used to describe a class of 
vector fields F having the following property which will be called in 
the present paper GSFlj: 

Definition 3.11. (c.f. [5], [27]) Say that a C°° vector field F on a 
manifold M has property GSF if for any C°° vector field G on M such 
that every orbit of G is contained in some orbit of F there exists a C°° 
function a such that G = aF. 

Evidently, a always exists on the set of non-singular points of F and 
the problem is to prove that it can be smoothly extended to all of M. 
In particular, every non-singular vector field has GSF. 

It follows from [27] that if Sh(F) = ^id(F)°^ and the map ^ of F 
satisfies a smooth variant of covering path axiom at each z G S, then F 
has property GSF. As an application of Theorem 15.251 we will present 
a class of vector fields having property GSF, see Theorem 18.411 

To explain the notation GSF let us reformulate this definition in 
algebraic terms. Notice that the space V(M) of C°° vector fields on M 
can be regarded as a C°°(M, R)-module. For each F G V(M) define 
the principal submodule (F) of F as follows: 

(F) := {aF : a G C°°(M,R)}. 

Thus the inclusion (G) C (F) means that G = aF for some a G 
C°°(M, M), so G is smoothly divided by F. 

On the other hand, we can introduce the following relation ^ on 
V(M) being reflexive and transitive. Let F, G G V(M). We say that 
G ^ F if and only if each orbit of G is contained in some orbit of F. 

Evidently, (G) C (F) implies G ^ F. 

Then F satisfies condition GSF iff G ^ F implies (G) C (F) for any 
G G V(M). In other words, {F) is the greatest principal submod- 
ule among all principal submodules (G) whose foliation by orbits is 
obtained by partitioning the corresponding foliation of F. 

In Theorem l8.41l we present a class of vector fields satisfying GSF. 
This will also extend [271 Th. 11.1]. 

■^In [27j I used the term parameter rigidity for this property. But, as the referee 
of the present paper noted, usually the action of a group F is called parameter rigid 
if any other F-action with the same orbits is smoothly conjugate to the original one 
(up to a linear reparametrization of orbits). Therefore here another term GSF is 
used. 
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3.6. Comparison of shift maps for open sets. 

Lemma 3.12. Let W (Z V be two open connected subsets of M. If (fv 
is periodic, then so is cpw- Moreover, if v and w are the corresponding 
positive generators ofker^ipv) andker^Lpw) respectively, then v\w = w. 
Hence if (^w is non-periodic, then so is ipv ■ 

Proof. We have that IntS (IV = and F{x,v{x)) = x for aU x & V. 
In particular, IntS (1 W = as weU and F{x,v{x)) = x for all in 
W. Hence v\w £ k.eT{ifw) is a non-zero shift function for the identity 
inclusion iw '■ W G M, and therefore ipw is also periodic. 

Let w be the positive generator of keT{ipw)- Then v\w = nw for 
some n G N. We claim that n = 1. 

Indeed, by (4) of Theorem [33] one can assume that W and V are 
F-invariant. Define the following map 

h:V^V, by h{x) = F{x,v{x)/n). 

Then it follows from (3) of Theorem 13.81 that h'^{x) = F{x,kv{x)/n) 
for all = 1, . . . , n. In particular, /i" = idy and so h yields a Zn,-action 
on V. Evidently, this action is fixed on a non-empty open set W: if 
X G W, then 

F{x,v{x)/n) = F{x,w{x)) = x. 

As V is connected, we get from the well-known theorem of M. Newman 
that h = idy, see e.g. [35], |6]. Thus G ker((y9y). But v is the least 
positive function which generates ker((y9y), whence n = 1. □ 

3.7. Function of periods. Suppose that all points of F are periodic. 
Consider the function 

Per : M ^ (0, +oo) 

associating to each a; G M its period Per(x) with respect to F. Then 
by D. B. A. Epstein [S] §5] Per is lower semicontinuous and the set B 
of its continuity points is open, see also D. Montgomery [5^ . 

We call the shift map periodic if, in accordance with (2) of Theo- 
rem [3]8l B is everywhere dense in M, Per is C°° on B, and even extends 
to a C°° function on all of M. Otherwise, cpM is non-periodic. In the 
latter case the zero function yU = is a unique C°° function on M sat- 
isfying F{x,fi{x)) = X for every x G M. In particular. Per can not be 
extended to a C°° function on all of M. 

We will now discuss obstructions for continuity of Per. 

It is possible that Per is unbounded near some points on M. The first 
examples of this sort seem to be constructed by G. Reeb [IQ]. Further 
examples of fiows with all orbits closed and with locally unbounded 
period function were obtained by D. B. A. Epstein [8] (a real analytic 
fiow on a non-compact 3- manifold), D. Sullivan [H] |13] (a C°° flow on 
a compact 5-manifold x x S^), D. B. A. Epstein and E. Vogt [9] 
(a flow on a compact 4-manifold deflned by polynomial equations, with 
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the vector field defining the flow given by polynomials) , E. Vogt |47] . 
and others. 

On the other hand, Per continuously extends from B to all of M 
for the case of suspension flows (D. Montgomery [52]) and if M is a 
compact orientable 3-manifold (D. B. A. Epstein [8]). In these cases 
F can be reparametrized to a circle action. More general sufficient 
conditions for existence of such reparametrizations were obtained by 
R. Edwards, K. Millett, and D. Sullivan [7]. 

It should also be noted that due to A. W. Wadsley [M] an exis- 
tence of a circle action with the orbits of F is equivalent to the ex- 
istence a Riemannian metric on M in which all the orbits are geodesic. 
Moreover, if G : M x 5*^ M is a smooth circle action, then by 
R. Palais [571 Th. 4.3.1] M has an invariant Riemannian metric and by 
M. Kankaanrinta [17] this metric can be made complete. Also if M is 
compact, then due to G. D. Mostow [33] and R. Palais [36j this action 
can be made orthogonal with respect to some embedding of M into a 
certain finite-dimensional Euclidean space. 

3.8. pn-points. Let ^ C M be an open connected subset such that 
V := V\T, is also connected. Suppose that the shift map (py is periodic 
and let 9 : V (0, +oo) be the positive generator of ker((y9^). Then 
due to Lemma [3. 121 the shift map ipv is also periodic if and only if 6 
extends to a C°° strictly positive function on all of V. 

Again one of the reasons for (py to be non-periodic is unboundedness 
of 6 at some points of E. These effects are refiected in the following 
definition. 

Definition 3.13. Say that z eT^ is a pn-point if there exists an open 
neighbourhood V of z such that V = V\T, is connected and the shift map 
(Py is periodic, while for any open connected neighbourhood W G V of 
z the shift map Lfy/ is non-periodic. 

Let 9 : V ^ (0, +oo) be the positive generator o/ker(y9y). Then z 
will be called a strong pn-point, if \im.d{x) = +oo. 



The following lemma is a consequence of results obtained in [29] . 



Lemma 3.14. c.f. [29] Let z G S. Suppose that there exists an open 
connected neighbourhood V of z such that the shift map ip^ is periodic, 
where = V" \ S. Let B be the real Jordan normal form of the linear 
part j^F{z) of F at z. Then the following statements hold true. 

(1) 3?(A) = for every eigen value A of B, so B is similar to 



X 



■z 





for some q„,Pr G N and G M \ {0}. 
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(2) // ify is periodic, then B ^ and is similar to 

/Ob, \ 
/ -fei \ 



© Jii±ib„) © © Ji(0) 

(T=l T = l 



bs 

-bs 

V °..7 



for some s > 1 and bi, . . . ,bs G M \ 0. 
(3) If B = 0, or if B contains either a block 3g{±ib) or Jg(0) 
with q > 2, then z is a pn-point. Moreover, in this case 6 is 
unbounded at z. 

Proof. (1) Since ^py is periodic, we have that V consists of periodic 
points only. If B has an eigen value A with 3?(A) 7^ 0, then by the 
Hadamard- Perron's theorem, e.g. [13], there exists a non-periodic orbit 
o of F such that z G o \ o. Hence V Pi ^ 0. This is a contradiction. 

(3) It is shown in [29j that if = or if i? contains either a block 
iq{±.ib) or Jg(0) with q >2, then there exists a sequence {xjjigN in V 
converging to z such that lim Per(xj) = +00. Since 6{xi) = niPeT{xi) 

j— >oo 

for some Ui G N, we obtain lim 6{xi) = +00 as well. 

(2) Suppose (pv is periodic, so we have a circle action G on F(y x M) 
defined in (4) of Theorem [331 This action induces a linear circle ac- 
tion on the tangent space TzV, whence it follows from standard re- 
sults about representations of 50(2) that B is similar to the matrix 
©^=1 Ji(±^^o-) ©T=i Ji(0)- Notice that these arguments do not prove 
that B ^ 0, however this holds due to (3). □ 

Statement (3) of Lemma [3. 141 does not claim that z is a strong pn- 
point, i.e. lim 9{xi) = +00 for any sequence of periodic points {xjjjgp^ 

i— >oo 

converging to z. 

Example 3.15. Let a < 6 G N and / : ^ M be the polynomial 
defined by f{x, y) = x^" -|- y'^^. Then the Hamiltonian vector field 

y) = -fy£ + fLl = -2by''-'i + 2ax'^-'l 

of / has the following property: the origin G is a unique singular 
point of F, and all other orbits are concentric closed curves wrapped 
once around 0, see Figured! It follows from smoothness Poincare's 
return map for orbits of F that the period function ^ : R^\0 — >■ (0, -|-cxo) 
defined by 9{z) = Per(2;) is C°°. Also notice that, j^F{0) is given by 
one of the following matrices: 

( 2\ (0 2\ ( 0\ 

1-2 OJ \0 0) \0 0) 

l)a = 6 = l, 2)a=l,6>2, 3)a,6>2. 

In the case 1) F is linear and its fiows is given by F{z,t) = e^**z. 
Hence 6{z) = FeT{z) = vr for all ^ G \ 0, so 6^ extends to a C°° 
function on all of if we put ^(0) = tt. 
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In the case 2) j^F(O) is nilpotent and in the case 3) j^F(O) = 0. 
Then by (3) of Lemma 13. 141 6 is unbounded at 0, so is a pn-point. 
Moreover, it easily follows from the structure of orbits of F that in fact 
lim^(2;) = +00, i.e. is a strong pn-point for F. 




4. Shift functions on the set of regular points 

Throughout the paper we will assume that S* is a connected smooth 
manifold, T is a path connected and locally path connected topological 
space, (To e 5, and tq G T. 

Let C M be an open subset and r2:V"xS'xT-^Mbean 
(S"; T, fc)-deformation in £{¥,V), and AdVxSxThea. subset. 
Then a function A : A — > M will be called a shift function for VL if 

0", r) = F(x, A(x, a, r)), V(x, cr, r) G A. 

Theorem 4.16. c.f. [221 Th. 25]. ^wjo^jose V n E = 0. 

(1) Lei (xo, o"o. To) G X 5" X T and a G M &e sitc/i t/iat 

(4.6) fi(xo, (To, To) = F(x, a). 

Then there exist connected neighbourhoods W^^ dVofx, W„g C S of 
f^o? W^ro C T o/tq, and a unique continuous shift function 

for Q such that A(xo, (Tq? ^o) = cl- Thus cr, r) = F(x, A(x, a, r)) 
for all {x,a,T) G W^g x W^j^ x Wj-o- Moreover, A is a {W„g;Wro, k)- 
deformation in C°°{Wxo,^) ■ 

(2) Any continuous shift function A: VxSxT^M. for Q is an 
{S; T, k)- deformation. 

(3) Denote P = S x T . Suppose that 

(a) for each x E V the map fi^ : P — > defined by ^x{p) = ^{x, p) 
is null-homotopic, (this holds e.g. when P is simply connected 
i.e. TTiP = 0, or when F has no closed orbits), 

(b) for some po E P the map fipQ has a continuous shift function 
a : V -^R, i.e. Qp{x) = F{x, a{x)). 

Then there exists a unique continuous shift function A : x P — R 
for Q such that Ap^ = a. 
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Proof. Let Xq ^ V. By assumption fl S = 0, so Xq is a regular 
point of F. Hence there exist e > 0, a. neighbourhood U of Xq, and a 
diffeomorphism t] : U ^ R"^^ x [—e,e) such that in the coordinates 
{y, s) on U induced by r] we have that 

(4.7) F{{y, s),t) = {y, s + t), whenever s, s + t G (—e, e). 

We will call U a e-flow-box at xq. Notice that for any periodic point 
z E U its period Per(2;) > 2e. 

We will always assume below that for any periodic point z E U 

(4.8) Per(;z) > lOe. 

To achieve this it suffices to replace e-flow-box U e.g. with the "central" 
|-flow-boxf/' = r/-i(M'"-ix(-|, |)). Then Per (z) > 2e = 12-| > 10-| 
for each periodic point z E U'. 

Let also p : U ^ (— £, e) be the projection to the last coordinate, i.e. 
p{y,s) = s. 

(1) Let U be an e-flow box at xq satisfying (14.81) . Then by (14. 6 p 
F_a o r2(so, ctq, tq) = Xq, hcucc there exists a neighbourhood W of 
(xo, ctq) To) in \^ X 5* X T such that F_a(W) C U. We can also assume 
that W has the desired form W^o x W^^ x with connected multiples. 

Define the function A : M by 

(4.9) A(x, (T, r) = po F_a ° ^{x, (x, r) — p{x) + a. 

Then it easily follows from (14. 7p that A is a shift function for Q satis- 
fying statement (1). In particular, it follows from Lemma 12^61 that A 
is a {Wao^Wro, k)-defoYmatioia as well as Q. The following statement 
implies uniqueness of A. In fact it proves much more. 

Claim 4.17. Let (x, a,T) eW and b eM be such that 

fi(x, a, r) = F(x, 6) and | A(x, a, r) — 6| < lOe. 

Then A(x, a, r) = b. 

Proof. For simphcity denote C, = (x, a, r). Notice that G Ox- 

If X is non-periodic, then there can exist a unique c G M such that 
n(^) = F(x, c), whence b = c = A(^). 

Suppose X is periodic. Then A{C,) — b = k ■ Per(x) for some A; G Z. 
On the other hand by (14.80 Per(fi(^)) = Per(x) > lOe. Therefore 

\k ■ Per(x)| = |A(0 - b\ < lOe < Per(x), 

whence k = 0. □ 

Corollary 4.18. Let A C W be a connected subset, and A' : A W be 
a continuous shift function for Q such that for some ^ = (x, cr, r) G A 
we have that |A(0 - A'(OI < lOe. Then A = A' on A. 
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Proof. Put 

B = {riEA \ \A{ri) - A'(r/)| < lOe}, B = {t] E A \ A{ri) = A'(r/)}. 

We have to show that B = A. ^ 

Evidently, B is closed in A while B is open. Moreover, by Claim l^?T71 
B = B and ^ e B 0. Hence B = B = A. □ 

Statement (2) is a direct consequence of (1). 
(3) FoT X eV let 

:R-^o,. CM, F,(t)=F(x,t) 

be the map representing the orbit of x. Since f2 is a deformation 
in S{F,V), we have that Q{x x P) C Ox- By assumption this map 
is null-homotopic. Then by the path covering property for covering 
maps there exists a continuous function : x x P — M such that 
A^(po) = <y{x) and the following diagram is commutative: 

R 

i.e =F(x,A^(p)), 

X X P Ox 

Define the following function A : x P ^ R by A(x, p) = A^(p). 
Then A(x, po) = a{x) and fl{x,p) = F(x, A(x, p)) for (x, p) eVxP. 
It remains to show that A is continuous. 

By (1) for each {x,p) eV x P there are connected neighbourhoods 

Wx^'"^^ C V of X and Wp^'^'' C P of p, and a continuous shift function 
/\i^,p) . yyi^^p) = i^^^'P) X W^'"'''^ — ^ R 

for Q such that 

(4.10) A("''')(x,p) = A"(p). 

Our aim is to show that A^^''') = A^^''^') on VT^^'^) n VT^^''^') for all 
(x, p), (x', p') E V X P. Hence the functions {A^^'P^(^x,p)eVxP will define 
a unique continuous function on all of x P. 

Notice that the projection p takes the values in {—e,e). Therefore 
we get from fl4.9l) that 

(4.11) |A(^'^)(0 - A(^'^)(77)| < 4e, for all ^,r] e W^^^'"). 
Claim 4.19. Suppose that 

|A(^'^)(^) - A(^''^')(0| < 2e 



for some ^ G W^=''P^nW^''''f'\ Then A^'^'P^ = A^^''^') on Vr(^'^')nVr(^' 
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Proof. If r/ G W^'^'f^ H W^''''P'\ then 

+ |A("'^)(0 - ^("''^'^01 + |A("''^')(0 - A("''^')(r7)| < 

< Ae + e + Ae = lOe. 

Hence by Claim lim A^^'^Hr^^ = A^""' 'p'\r]) . □ 
Claim 4.20. A^^-^) = A^^'^') on W^'^^p'^ n W^'^'P'^ 

Proof. Since A{^'.p) and A^' are continuous shift functions for Vt on the 
connected set x x Wp^'''\ it follows from fl4.10p and Corollary 14. 1 81 that 
^{x,p) = on X X Wjf''''\ Hence 

A("''')(x,p') = A"(p') ■ A^^'^'Hx.pOforallp'eVrj"'"). 

Then by Claim El A^^''') = A^^'''') on W^'^'P^ n W^'^'P'^ □ 

Thus for each x eV the functions {A'^^''')}pgp give rise to a contin- 
uous shift function A^ : M for Vt on the open neighbourhood 
:= Upepiy^^'^) of X X P in X P. Since P and each W^'^'P^ is con- 
nected, we see that so is W^. Then it easily follows from Claim l^?T71 
and Corollary 14 . 1 81 that A^ is a unique shift function for Vt on such 
that A^(p) = A^(p) for at least one p e P. 

Claim 4.21. A^^-^") = A^^''^") on ly(^.w) p y^{a;',po)^ whence A^ = A^' 
on W n . 

Proof. Notice that A^^'^'o) and a are continuous shift functions for VL 
on the connected set Wx^''"^^ x po and by assumption 

A(^'''°)(x,po)=A^(po)=a(x). 

Then by Corollary 14.181 

A("'^°)(x',po) = a{x') = A("'''«)(x',po) for all x' G 
Hence by Claim ESA^^'/'o) = A(^''^o) y^(x,Po) p ly(^.po). □ 

Thus the functions {A^j^gv' define a continuous function on all of 
V X P which coincides with A. Theorem 14. 161 is completed. □ 

Corollary 4.22. Let f e £{F, V) , z E V and a e R be such that 
f{z) = F{z, a). Then there exists a neighbourhood W of z and a unique 
continuous shift function a : W ^ R for f such that a{z) = a. In fact 
a is C°°. 

Corollary 4.23. Let V C M be an open subset, V = V \ Tj, a E 
C°°{V\E,R), andQ:V X S xT M be an {S; T, k)- deformation m 
£(F, V) such that o"o, tq) = F(x, a{x)) for all x E V. 

If Tills X T) = 0, then there exists a unique {S]T, k)- deformation 
A:VxSxT^M. such that A(x, cro,ro) = a{x) for x E V, and 
Q{x, a, t) = F{x, A{x, a, r)) for {x,a,T) e V x S x T. 
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5. Main result 

Let V G M he an open connected set and Q : V x I —>■ M he a 
fc-homotopy in S{F,V) such that Qq = for some C°° function 

a : V ^ M.. Then by Corollary 14.231 a extends to a continuous shift 
function A : (V \ S) x / — M for Q such that Aq = a. But in general 
A^ for r > can not be extended to a function on V. 

Such examples were constructed in [26j. There f2 is a 0-homotopy 
being not a 1-homotopy, Qq = id, Aq = 0, and limAi(2;) = +oo. Our 

z— >0 

main result shows that this situation is typical: non-extendability of 
At- to a C°° function almost always happens only for 0-homotopies that 
are not 1-homotopies and for special types of singularities. 

Let T be a compact, simply connected and locally path connected 
topological space and tq G T. 

Theorem 5.24. Suppose S is nowhere dense in V and there exists 
e S such that either of the following conditions holds true: 

(a) z is not a pn-point; 

(b) z is a pn-point, j^F{z) = 0, and k > 1; 

(c) z is a strong pn-point and k >1. 

Let n : V X T ^ M be a {T, k)- deformation in Sh{F,V), a e 
C°°{V,R) be any shift function for Q^o, and A : {V x T ^ R 
be a unique continuous shift function for Q such that A^-g = a, see 



Theorem 4-16 Then there exists a neighbourhood W of z such that for 



each T E T the function A,- also extends to a C°° function on W , so 
^t\w = Vw{-^t\w) ■ 

Notice that the assumptions (a)-(c) do not include the case when z 
is a pn-point being not strong and such that j^F{z) ^ 0. Moreover, it 
is not claimed that A becomes continuous on x T. 

Theorem 5.25. Let F be a vector field on M such that S is nowhere 
dense and let k = 0, ... ,oo. Suppose that for each ^ G S there exists 
an open, connected neighbourhood V such that Sh{F, V) = Sid(F, V)'' 
and either of the conditions (a)-(c) of Theorem \5 . 24\ holds true. Then 
Sh{F) = ^id(F)^ 

Proof. Let / G £^id(F)'^, so there exists a fc-homotopy Q : V x I ^ M 
in £{F,V) between the identity map Qq = id-M and Qi = f. By 
Theorem 14. 161 there exists a unique fc-homotopy A : \ S) x / — >• M 
being a shift function for Q and such that Aq = 0. We will show that 
At- extends to a function on all of M, whence Qr = f{A.T) for all 
r G /. This will imply Sh(F) = Sid(F)K 

Let 2; G S and be a neighbourhood of z such that Sh(F,V) = 
Sid{F,V)^. Then Qr\v ^ ^id{F,V)'', so Q\vxi is a fc-homotopy in 
Sh{F,V). Moreover, A|(v'\s)x/ is a unique extension of Ao|y = 0. By 
assumption either of the conditions (a)-(c) of Theorem 15.241 holds true. 
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whence for each t G I the function A,- extends to a C°° function on 
some neighbourhood of z. Since S is nowhere dense such an extension 
is unique. As z is arbitrary, we obtain that A^ smoothly extends to all 
of M. □ 

For the proof of Theorem 15 . 241 we need two preliminary results. 

5.1. Reduction of 1-jets at singular points. Let : V x T ^ M 

be a (T, k) deformation in Sh(F, \/) and A : \ S) x T ^ M be a 
shift function for Q. Let also z & J] (1 V . Choose local coordinates 
(xi, . . . , Xm) at z in which z = G M™. Let A be an (m x m)-matrix 
being the linear part of F at z. Then we have the exponential map 

e : M ^ GL(m, M), e(t) = exp{At). 

Denote its image by TZ^. U A ^ 0, then e is an immersion, i.e. a local 
homeomorphism onto its image. 

For each t E T denote by Jr the Jacobi matrix of Qr at z. By 
assumption Q^. = (pvicir) for some ar G C°°(V,M). Then it is easy to 
show, [271 Th. 5.1], that 

Jr = exp{A ar{z)), 
so we have a well-defined map 

Tj-.T ^ TZa, r?(r) = J^. 
If /c > 1, then 1] is continuous. 

Lemma 5.26. Suppose that 7] is continuous and lifts to a continuous 
map rj : T R making the following diagram commutative: 



The latter holds for instance when T is compact, path connected, and 
simply connected, e.g. T = I'^. 

Let W (Z V be an arbitrary small neighbourhood of z. Then there 
exists a function u : V xT ^ M. being a (T, oo) deformation in C°°iy, M) 
and vanishing outside W x T such that the (T, k)- deformation 

n' -.V xT ^ M, n'{x, r) = F{n{x, r), -u{x, r)) 

has the following properties: for each t E T 

(1) j^Q'^{z) is the identity, and 

(2) the function A'^ = A^- ~ Vt is a shift function for Q' . 

In particular, A^ extends to a function near z iff so does A'^. 

Proof. Let : V ^ [0, 1] be a C°° function such that /i = 1 on some 
neighbourhood of z and ;U = on \ W . Define z/(x, r) = /i(x)r/(r). 
Then it is easy to verify that v satisfies the statement of our lemma. □ 
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5.2. Smoothness of shift functions. In this section we will assume 
that V C M is an open connected subset such that V = \ S is 
connected and the shift map ipy is periodic. Let : ^ (0, +oo) be 
the positive generator of ker(y9y). 
Define the map h : V ^ M hj 



(5.12) h{x) 



F{x,e{x)/2), xeV = V\J:, 

X, X eT^nv. 



Evidently, h is continuous on V but in general is discontinuous on Sn\^. 
If X & V, then 6{x) = n^.Per(x) for some G Z. Hence h{x) = a; iff 
is even, see Figure |2j 




Figure 2. 9{x) = rixPei^x), is odd 



Theorem 5.27. Let VL : V x T ^ M be a (T,l)- deformation in 
Sh{F,V), A^-Q G C°^(V,M) be any shift function for Q^g, and let also 
A : V X T ^ M. be a unique continuous extension of A^^ being a shift 
function for Q. Suppose that there exists a point z E (IV satisfying 
one of the following conditions: 

(HD) h is discontinuous at z; 
(JFO) j'F{z)=0; 
(Tl) ^lim e{x) = oo. 

Then 

(Z) for each t E T the function A^- : V —>■ extends to a C°° 
function on all of V as well, however the induced extension 
A : V X T W of A is not claimed to be even continuous. 

Proof. First notice that if z/ : y x T — > M is any (T, /c)-deformation in 
C°°(V,M), then the following map 

(5.13) n':VxT^M, fi'(x, t) = F(fi(x, r), -z/(a;, r)) 

is a (T, A;)-deformation as well as fl. Moreover, the function 

A' = A - u: {V\i:) xT 

is a shift function for fl' on V \ and A'^^ = A^-g — extends to a C°° 
function a^-o — i^ro on all of V. Hence A:^ = A,- — Ur extends to a C°° 
function on V iff so does A,-. Thus one may replace Q with Q'. 

In particular, we can reduce the problem to the case when Q satisfies 
the following additional assumptions: 

(QA) i^T-o = «y : C M is the identity inclusion and A^-g = 0. 
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(JQid) j^Qriz) = id for all r e T. 

To establish (f2A) put i^{x,t) = arf^^x). Then A!^^ = 0, and Q'^^^ = iy- 

Furthermore, suppose that (f^A) holds for Vt. Since ^(2;, t) = z 
for all T & T, we obtain from Lemma 15.261 that there exists even a 
(T, cxD)-deformation u : V x T M. such that z/^-y = and the (T, 1)- 
deformation (15.131) satisfies (JQid). 

We will now introduce more conditions. 
(HC) h is continuous on some neighbourhood of z. 

Let {xjjigN C V" be a sequence converging to z. Then we also con- 
sider the following conditions: 
(PU) the sequence of periods {Per(xj)}jgN is unbounded; 
(TU) the sequence {6'(xj)}jgN is unbounded; 
(QH) Qr{xi) 7^ h{xi) for all r G T and all sufficiently large 2 G N; 
(D) there exists L > and a Riemannian metric ||-,-|| on some 
neighbourhood of z such that 

2;|| < L ■ /^(xj)!!, i G N. 

Lemma 5.28. The following implications hold true: 

1) (QA) & (TU) & (QH) ^ (Z); 

2) (HD) ^ 3{xj}jgN satisfying lim Xi = z, (PU), and (f^H); 

j— >oo 

3) (HC) =^ 3{xj}jgN satisfying lim Xi = z and (D); 

^;(JFO) & (D) (PU); 

5) (HC) & (JQid) & (D) (QH); 

6) {J\) (TU). 
7; (PU) (TU). 

Assuming that this lemma is proved let us complete Theorem 15. 27[ 
We have to show that either of the conditions (HD), (JFO), or (Tl) 
together with (QA) and (JQid) implies (Z). 

The implication (HD) & (QA) (Z) follows from 2), 7) and 1) of 
Lemma 15.281 

Further, if (HD) fail for any z G V fl S, that is h is continuous at 
each such z, then h is continuous on all of V, so (HC) holds true. 

Then (HC) & (JFO) & (QA) & (JQid) (Z) by 4), 7), 5), and 1) of 
Lemma 15.281 

Moreover, (HC) & (Tl) & (QA) & (JQid) (Z) by 3), 6), and 1) of 
Lemma |5. 281 

This completes Theorem 15.271 mo dulo Lemma [5281 □ 

5.3. Proof of Lemma 15.281 The implications 6) and 7) are trivial. 
1) (QA) & (TU) & (QH) (Z). 

Thus flro = iy '■ V ^ M, A^^ = 0, and there exists a sequence {xjjjgN 
which converges to some 2; G S fl and satisfies 

(TU) lim e{xi) = +00, 

i— >oo 
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(QH) ^ h{xi), ieN, T eT. 

We have to show that for each r eT the function At- extends to a C°° 
function on all of V . 

Notice that (TU) implies that ipv is non-periodic. Indeed, suppose 
ipv is periodic and let v be the positive generator of ker(y9y). Then by 
Lemma [3. 121 v = ^ on V^, whence 9 is bounded on V which contradicts 
to (TU). 

Thus ipv is non-periodic, whence for each Vt^. G Sh{F,V), (r G T), 
there exists a unique C°° shift function Ur G C°°(V, M). In particular, 
= ttro- We will show that A,- = ar onV for all t E T. 

Since ^T-ly and A,- are shift functions for on V, we obtain from 
Lemma 13.71 that 

Or — A-r = kr 6 

on V for some k^- E Z. It suffices to show that k^- = 0. 

Condition (QH) means that the image of the map Ui : T ^ o^,.. 
defined by 

uji^r) = F{xi,Ar{xi)) = Q{xi,r) 

does not contain the point h{xi). Moreover, since flroi^i) = h{xi) 
and = 0, it follows from the construction of A that 

(5.14) \Ar{xi) - Ar,{xi)\ = \Ar{xi)\ < iPer(xi) < ie(x,) 

for all r G T and i E N. 

On the other hand we get from (TU) and continuity of a,- that 

\ar{xi) - aro{Xi)\ = \ar{Xi)\ < l9{Xi) 

for all sufficiently large i G N. 
Hence 

kr9{Xi) = \A^{Xi) - ar{Xi)\ < \Ar{Xi) \ + \ar{xi)\ < 

< |Per(xi) + i^(xi) < e{xi). 

This implies kr = and thus At- = Or on V. 

2) (HD) =^ 3 {a;i}igN satisfying lim = z, (PU), and (f^H). 

i—*oo 

Discontinuity of h (that is property (HD)) at z means that there 
exists a sequence {xjjjgN converging to z such that {/^(xj)}^^^ lays 
outside some neighbourhood W of z. 

(QH). Since fl{z x T) = z and T is compact, we can assume that 
{r2T-(a;j)}igN C W for alH G N and t E T, therefore Qri^i) ^ h{xi). 

(PU). Suppose (PU) fails. Then there exists C > such that 
Per(a;j) < C for all i. Since z is a fixed point of F, there exists another 
neighbourhood U of z such that F(f/ x [0, C]) C W. Therefore (passing 
to a subsequence) we can assume that Xi E U for all i eN, hence 

h{xi) = F(xi,Per(xi)/2) G F{Ux[0,C]) C W 

which contradicts to the assumption h{xi) ^ W. 
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3) (HC) =^ 3{xj}jgN satisfying lim Xi = z and (D). 

i— >oo 

Thus we have that h is continuous on some neighbourhood W <ZV 
of z. Our aim is to show that there exist 

• a neighbourhood U dW oi z such that h{U) = U, 

• a Riemannian metric d on U, 

• a sequence {xijjgN C f/ \ S converging to z, and 

• a number L > 

satisfying 

(D) \\z,Xi\\ < L ■ \\xi, h{xi)\\. 

First suppose that z G IntM. Then we can assume that W is an 
open subset of and d is the induced Euchdean metric on W. Since 
h is continuous on W and h{z) = z, we can find an open ball Bg (Z W 
of some radius s > centered at z such that h{Bs) C W. Then 

Us:=BsUh{Bs) C W. 

By assumption V is connected, therefore by (3) of Theorem 13.81 the 
restriction of 6' to o^^ fl ^ is constant for any x & V. This easily implies 
that 

h'^{x) = F{x, 6{x)) = X, X e Bs, 

so h yields a Z2-action on Us- Due to (2) of Theorem [XH] this action is 
non-trivial and therefore effective. 

By a well known theorem of M. Newman [35] all the orbits of a Z2- 
action on a manifold Us can not be arbitrary small. D. Hoffman and 
L. N. Mann [151 Th. 1], using a result of A. Dress [6], obtained lower 
bounds for diameters of such actions. Denote by f the radius of con- 
vexity of Us at z. Since Bg C Us, it follows that s < f. Then it was 
shown in [T^ Th. 1] that there exists an orbit or this action of diameter 
greater than s/2, that is 

\\xs, h{xs)\\ > s/2 

for some Xs € Us- Interchanging Xs and h{xs), if necessary, we can 
assume that in fact Xs G Bs. Hence 

(5.15) ll^;, Xsll < s < L • where L = 2. 

Decreasing s to we will find a sequence {a^SilieN satisfying (D). 

A more deep analysis of the proofs of [T51 Th. 1] and [HI Lm. 3] shows 
that similar estimations but with another constant L hold in the case 
when z G dM, see [25| for details. 

4) (JFO) & (D) (PU). 

Thus j^F{z) = and we have a sequence {xjjjgN converging to z 
and satisfying (D). We will show that there is subsequence {xi^}k£N 
such that lim Per(xjj.) = +00. 



24 SERGIY MAKSYMENKO 

Suppose that there exists C > such that Per(xj) < C for all i. 
Since 2; is a fixed point of F, we can decrease U and assume that 
F(f/ X [0, C]) C V . Moreover, as i^F{z) = 0, we can also suppose that 
there exists A > such that 

\F{x)\ < A ■ \\z,x\\'^, for all a; G f/. 

Notice that the length l{xi) of the orbit of Xi can be calculated by 
the following formula: 

/•Per(zi) 

lixi)= / \F{F{xi,t))\dt, 
Jo 

whence 

/(xi) < Per(x) ■ sup \F{F{x,t))\ < C ■ A ■ \\z,Xif. 

te[0,Per(x)] 

Therefore 

||z,a;i|| < L ■ \\z,h{xi)\\ < L ■ l{xi) < L ■ C ■ A ■ ||z,a;j|p, 

whence < ^^^^ < which contradicts to the assumption that 

{xjjigN converges to z. 

5) (JQid) & (D) ^ (QH); 

Thus j^VLT-{.z) = id for all r G T and there is a sequence {xi}i<^^ 
converging to z and satisfying < L ■ \\xi, h{xi)\\ for some L > 0. 

We have to show that Qri^i) 7^ h{xi) for all r G T and all sufficiently 
large i. 

Since f2 is a (T, l)-deformation, it follows from (JQid) that there 
exists a continuous function 7 : f/ ^ M such that ^{z) =0 and 

||x,Qr(a;)|| < ■ \\z,x\\ 

for all (x, r) & U x T, see |29]. If Q were a map or at least a 
(T, 2)-deformation, we would have a usual estimation: 

llx, Q^(x) II < C • 11-2, xiP 

with some constant C > 0. 
Then 

\\h{xi),n^{xi)\\ > \\xi,h{xi)\\ - \\xi,n^{xi)\\ > 

> J \\z,Xi\\ - j{Xi,t) ■ \\z,Xi\\ = (x - li^i)) ■ \\z,Xi\\. 

Notice that lim 7(xj) = 7(2;) = 0. Therefore (passing if necessary to 

a subsequence) we can assume that ^ — 7(0:1, r) > for all i, whence 
||/i(xj), f2T-(a;i)|| > 0. This means that Qri^i) 7^ h{xi). 
Lemma [5.281 is completed. 
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5.4. Proof of Theorem 15.241 Let V he a neighbourhood of z such 
that S is nowhere dense in V^, : x T M be a (T, fc)-deformation 
in Sh{F, V), and A:\^xT— i>Mbea continuous shift function for Q 
such that Arg extends to a C°° function a on all of V. We have to prove 
that there exists a neighbourhood W of z such that for each t & T the 
function A,- extends to a C°° function on W. 

By assumption Qr ^ Sh(F,V), so Qr = '^vic^r) for some ar G 
C°°{V,M). Hence = + fir on V for some fi^- G ker^ipy). 

(a) Suppose z is not a pn-point. Then we can find a neighbourhood 
W of z such that either 

(a') is non-periodic, or 

(a") both ipw and are periodic, 

where W = W\E. 

In the case (a') we have ker^Lp^) = {0}. In particular, fi^- = 0, and 

therefore A,- = ar on W. Hence A^ extends to a function Or on ly. 

In the ) due to Lemma [3. 121 we have that keT{ipw) = {n6}nez 

for some 9 G C°°(W,M) and ker((/9,;^) = Hence /i,- = /Ct^'Ii^? 

for some kr G Z. Therefore again A,- extends to a C°° function ar + krO 
on all of W^. 

Finally, in the cases (b) and (c) z is pn-point, so there exists a neigh- 
bourhood W of z such that ipw is non-periodic, while is periodic. 
Then in the case (b) (resp. (c)) the restriction f2|i4/xT satisfies assump- 
tions of Theorem [523 and condition (J FO) (resp. (Tl)). Hence for each 
r G T the function A,- also smoothly extends to all of W. □ 

6. Decreasing V 

The following lemma shows that the relation Sh{F, V) = Sid(F, V)'' 
is preserved if V is properly decreased. 

Lemma 6.29. Let V G M be an open connected subset such that V flS 
is nowhere dense in V and Sh(F, V) = £^id(F, V)'' for some k > 0. Let 
also W G V be an open connected subset such that W (lH is closed 
(and so open-closed) m ^ n S. Then Sh(F, W) = £id(F, W)^ . 

Proof. Let Q : W x I ^ M he a. fc-homotopy such that Qq = iw '■ W G 
M is the identity inclusion. We have to show that for every t G / there 
exists a C°° function at : W ^ W such that h = ipw^a). 

Let A: (iy\S)x/— >Rbea unique fc-homotopy being a shift 
function for Q and such that Aq = 0. We will show that every Af either 
extends to a C°° function on all of W, or can be replaced with some 
other shift function of Qq which smoothly extends to W. 

First we extend A to (V^ \ S) x J changing it outside {W fl S) x /. 

Since W (1 T, is open-closed in fl S, there exists a C°° function 
fi : V ^ [0,1] such that /i = 1 on some open neighbourhood C of 

n E and = on some open neighbourhood of V\ W, see Figure [31 
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Then it follows from Lemma fTM that a function A' : (V \ S) x / 
V 




Figure 3. 

defined by 

' fi{x)A{x,t), X eW\E, 
0, xeV\W 

is a fc-homotopy which coincides with A on (A^ \ S) x /. Then the 
following map Q' : V x I ^ M defined by 

F{x,A'{x,t)), X eV\{W nE), 
X, X eW nT. 

is a /c-homotopy in £^id(F, V)'^ which coincides with f2 on A^ x /. 

Since Sh(F, V) = S^diF, it follows that Q'^ has a C°° shift func- 
tion a[ on V. Thus 

Q'tix) = F{x, n{x)At{x)) = F{x, a[{x)), x eV\E. 

Denote V = V \ Ti. Then fiAt is a shift function for il[ on V, while 
is a shift function for Q[ on V. Consider three cases. 

1) If !fv S'lid !fy are non-periodic, then it follows from Lemma 1X71 
that a[ = A[ = /iAj on V. Since /i = 1 near 14^ fl S and A^ is smooth 
outside this set, we put At = at on W HT,. Then At becomes smooth 
on all of W. 

2) If both (fv and cpy are periodic, then by Lemmas 13 .71 and 13 .12] 
IJ,At = a't + kO on V, where 9 : V ^ {0, oo) is the positive generator of 
the kernel of cpv and It G Z. Then similarly to the case 1) A^ smoothly 
extends to all of W. 

3) Suppose that ip^ is periodic while ipv is non-periodic, and let 
6 : V {0, oo) be the positive generator of the kernel of ipy. Then 
a[ = jiAt — UO on V for some U G Z. Again at = At — UO smoothly 
extends to all of W . 

We claim that at is a shift function for Vtt. Indeed, we have that 
fii(x) = Ft(x, At{x)) and F(x, 0{x)) = F{x, —It 0{x)) = x, whence 

F(x, Atix) - lte{x)) = F(F(x, -lte{x)),Atix)) = F{x, At{x)) = nt{x). 

Thus nt = ipw{At - hO) e Sh{F, W). □ 

Corollary 6.30. Suppose z is an isolated singular point of F, and let 
V be a connected, open neighbourhood of z such that V CiT, = {z} and 
Sh(F, V) = ^id(F, 1/)'= for some k>0. Then Sh{F, W) = ^id(F, W)^ 
for any other connected, open neighbourhood W G V of z. 
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7. Regular extensions 

For every m G N let 0^ G be the origin. Then O^+n = (Om, 0„) if 
we regard M^^" as x M'^. Denote by : M™+'' R"" the natural 
projection to the first m coordinates. 

Let F be a germ of a vector field at Om+n on M™'+"', and G be a germ 
of a vector field on M"^ = M"^ x 0„ C at 0^. Say that F is a a 

regular extension of G, if 

(7.16) F{x,y) = {G{x),H{x,y)) 

for some C°° germ H : M™"^" — M" at Om+n- Thus the first m coordinate 
functions of F coincide with G and, in particular, they do not depend 
on the remaining n coordinates. In this case the local flows of F and 
G are related by the following identity: 

F{x,y,t) = {G{x,t),H{x,y,t)), 

for some C°° map H. 

Denote hj T,p and Sc the sets of singular points of F and G respec- 
tively. Then it follows from fl7.16l) 

(7.17) c Sg X v. 

Indeed, if F{x, y) = {G{x), H{x, y)) = 0, then G{x) = 0. 

Notice that if if is a germ of a vector field on M" at 0„, then the 
product F{x,y) = {G{x), H{y)) of G and if is a regular extension of 
each of these vector fields. Also notice that a regular extension of a 
regular extension is a regular extension itself. 

It follows from the real version of Jordan's theorem about normal 
forms of matrices that every linear vector field on M" is a regular ex- 
tension of a linear vector field defined by one of the following matrices: 

(7.18) (a), (01), (_-,^), X,a,beR. 

Lemma 7.31. Let V"^ C and C M" he open connected subsets, 
ym+n _ ym ^ yn ^ S hc a conncctcd smooth manifold with dim 5 = d, 
T he a path- connected topological space, 

(7.19) VL : X S X T ^ X 
he an {S; T, k)- deformation in S{F, V"^^^), and 

^ = p„ o n : I/'" X 1/" X 5 X T 

he the projection to the first m coordinates. Then the following state- 
ments hold true. 

1) ^ zs a (F" X S] T, k) -deformation m £{G, V^). 

2) Suppose that VL has a continuous shift function 

(7.20) A : 1/™+" xSxTdA — ^M, 

defined on some suhset A of V"^~^^ x S xT. Then A is a shift function 
for with respect to G. 
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Proof. 1) The statement that \1/ is a {V"' x S; T, A;)-deformation in 
C°^(\/™,M™) directly follows from Lemma[2Sl 

Denote P = S x T and p = (cr, r). We have to show that ^E'(y,p) G 
S{G, V"") for each {y, p) G x P, i.e. 

(i) ^'(y,p) preserves orbits of G, so for each x G V^*", there exists 
t G M such that \E'(j,^p)(x) = G{x,t); 

(ii) ^(y,p) is a local diffeomorphism at each x G Sg H 

(i) Since Qp preserves orbits of F, there exists t^^y G M such that 

^ix,y,p) = F{x,y,t^,y) = (G(x, H(x, ?/, 

whence ^(2^,p)(a;) = PmoQ{x,y,p) = G{x,t^,y). 

(ii) Let X G Sg n r™, so G(x) = 0. Then 

F{x,y) = iGix),H{x,y)) = {0,H{x,y)) 

for every ?/ G M". It follows that the orbit 0(x,y) of passing through 
{x,y) is everywhere tangent to x x and therefore 0(x,y) C x x R". 
Since Qp preserves orbits of F, we also get that 

(7.21) ilpix X 1/") c X X R". 

Consider two cases. 

(a) Suppose {x,y) is a singular point of F, so H{x,y) = as well. 
Since Qp G £(F,V"^~^"'), we have flp{x,y) = {x,y) and Qp is a local 
diffeomorphism at {x,y). Then we get from (17.211) that the tangent 
space TyV"- = T(^x,y){x x \/") is invariant with respect to the tangent 
map T(^x^y-)Vtp and therefore the image T(^x,y)^p{TxV'^) of the transversal 
space TxV"^ = T(^x,y)(y"^ x y) is transversal to TyV^, see Figure HI This 



TvV" 



TvV° 



IxV 




(x.y) V 



T(x,„V" 



Figure 4. 

implies that the tangent map Tx'^(^y^p) = Tx{pm°^p) is non-degenerate, 
i.e. "^{y^p) is a local diffeomorphism at x. 

(b) Suppose -ff (x, y) 7^ 0, so (x, |/) is a regular point of F. Then by 
Corollarv 14.221 there exist neighbourhoods W'"^ C V^*" of x and VT" C 
V of y, and a shift function /5 : VT"* x ^ R for fi^, so 

^pix, y) = F(x, y, f3{x, y)) = (G(x, /?(x, y)), i^(x, ?/, /?(x, y)), 

for all (x, y) G W^xW^. In particular, \E'(y^p)(x) = G(x, /9(x, y)) for all 
X G Vr™. Thus the restriction \E'(j^ p)|vK™ belongs to the image of shift 
map Sh{G^ W^) C £{G, W^), whence {y,p) is a local diffeomorphism 

ctij X. 
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2) Suppose Q has a shift function (17.201) . Then the identity 
^{x, y, p) = F{x, y, A(x, y, p)), (x, y, p) G A, 
imphes ^'(x, y, p) = Pm o ^{x, y, p) = G{x, A(x, y, p)). 



□ 



8. Examples 



In this section we consider examples of vector fields F for which 
relation between Sh(F) and £^id(F)'^ is known and whose singular points 
satisfy assumptions (a)-(c) of Theorem l5.24[ 

8.1. Vector fields on M. Let G{x) = P{x)-^ he a vector field on M, 
where /3 : M — > M is a smooth function. Suppose E = {0}, so G has only 
three orbits (— oo, 0), {0}, (0, oo). This is equivalent to the assumption 
that (3-\0) = 0. 

By the Hadamard lemma P{x) = xn{x), where p{x) = (3'{tx)dt. 
Moreover, /i(0) = P'{0) and p{x) 7^ for x 7^ 0. Hence by Corol- 
lary EIU] if /?'(0) = /i(0) = 0, then Sh{G) ^ ^id(G)°°. 

If (3'{0) 7^ 0, then p ^ on all of M and by Lemma IX^ instead of G 
we can consider the linear vector field F(x) = x-^. 

It is shown in [22] that Sh{F) = £^id(F)° for any linear vector field 
on R"". We will now discuss these results. 

8.2. Let F{x) = vx-^ be the linear vector field on M. Then it gener- 
ates the following flow F(x, t) = e'"^x. Let V be an open neighbourhood 
of and : 1/ X 5 X T ^ R be an (5; T, A;)-deformation in £(F, V). 
Then fi((j,T)(0) = 0, and by the Hadamard lemma 



Since fi(o-,T) G £{¥,V), we have that ^(x, a, r) > 0, i.e. f2(o-,T) is a 
local diffeomorphism at 0. Hence we can define the following function 
A:Fx5xT^Rby 



Then A is a (S*; T,k — l)-deformation being a shift function for Q, 



i.e. n{x,a,T) = e^-^(^''"'^), c.f. [221 Eq. (23)]. In particular, we get 
Sh{F,V)=S{F,V). 



It generates the flow F(x, y, t) = {x + yt, y). Let V be an open neigh- 
bourhood of 0, and Vt = {^1,^2) :1/x5xr^Rbean {S;T,k)- 
deformation in S(F, V). Then ^2(2^? U, ^-^t) = y and i7i(x, 0, a, r) = x. 



fi(x,a,r) = X J f^{tx,a,T)dt. 



A(x,a,r) 




J^{tx,a,T)dt. 
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Hence by the Hadamard lemma 



1 



ni{x,y,a,T) - X = y J ^{x,ty,a, T)dt. 

^ 

Define the function A:1/xS'xT^Mby 

A(x,7/,a,r) = J ^{x,ty,a,T)dt. 



Then A is a {S; T,k — l)-deformation being a shift function for Q, that 
is Q{x,y,a,T) = {x + y ■ A{x,y,a,T),y), c.f. [22], Eq. (26)]. Again we 
get Sh{F,V) = sIf,V). 

8.4. Let uj = a + biy^Ohea complex number, F{z,t) = e^^z be the 
corresponding linear flow on C, and C C be an open neighbourhood 
of 0. By definition every VL G £{F, V) is a local diffeomorphism at 0. 

Let : 1/ X M'^ ^ M be a C~)-deformation in £{F,V) such 
that preserves orientation at for each a G W^. Then by 
Lm. 31] there exists a C°° function 7:FxM'^^C\0 such that 
VL[z,a) = z ■ 7(2;, 0"). Hence, [221 Eqs.(24),(25)], the following function 
A : 1/ X M*^ M defined by 



is a C°° shift function for fi. In the second case A is defined up to a 
constant summand 2iTk/n. 

Remark 8.32. In §8.21 and §8. 31 a shift function A of an [S; T, /c)-defor- 
mation Q is expressed via partial derivatives of Q. Therefore it looses 
its "smoothness in r" by 1 though it remains C°° in a. The main tool 
of constructing A is the Hadamard lemma. 

On the other hand in §8.41 the proof of mentioned above "division 
lemma" [221 Lm. 31] uses all the partial derivatives of Q for the proof 
of smoothness of 7. Hence if Q were an (5*; T, fc)-deformation, then we 
could not guarantee that the obtained function A is even continuous in 
r though for each r G T the function A,- is C°° on V, c.f. Definition 19.421 
Such effects are typical for divisibility by smooth functions, c.f. [311 
p. 93. Eq. (2)] and [M]. 

8.5. Properties In [221 Defn. 24] for every / > the following 

"extension" property [EY for a singular point z of a vector field F was 
introduced (see also Remark ll.4p . We will now present a slight modifi- 
cation of this property which will be useful for further considerations. 

Definition 8.33. Let z E be such that S is nowhere dense at z. Say 
that F has property {EY, (/ > 0), at z if for any 

• open neighbourhood V of z, 

• a smooth manifold of dimension dim S*' = /, 




^ln|7(z,a)|2, a^O, 
iarg(7(2,cr)), a = 0, 
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• an (S",C~) deformation Q : V x M in S{F, V), and 

• aC^ shift function A : \ S) x ^ M /or n, i.e. 

(8.22) ^](x,(T) = F(x,A(x,a)), {x,a) e {V \T) x S\ 

there exists a neighbourhood W G V of z such that A extends to a C°° 
function A : W x R. 

Thus in order to verify {EY one should smoothly resolve 08.221) with 
respect to A on a neighbourhood of zx S'' using the assumption that fig- 
preserves orbits of F and is a local diffeomorphism at each x E (IV. 
In particular, vector fields of § §8.21l8.41 evidentlv have {EY for all / > 0. 
In the first two cases this is trivial, and in the last case it should be 
noted that if has a shift function on \ S = \ 0, then it should 
preserve orientation at 0. 

Property allows to prove that Sh{F) = £^id(F)°. 

Lemma 8.34. fF2\ Th. 25] Suppose that S is nowhere dense and F has 
property at each ^ G S. Then Sh(F) = ^id(F)°. 

As a direct consequence of Lemma I?. 3H we obtain that properties 
{EY for / > allow to prove (-E')°, and therefore to establish Sh(F) = 
Sid(F)^, for regular extensions. 



Lemma 8.35. [221 Lm. 29], (see also Remark 1^ and Lemma 7.31) 



nm+n 



Let G (resp. F) he a germ of a vector field on M" at 0„, (resp. on . 
at Om+nj- Suppose F is a regular extension of G. If G has property 
[EY^'^ at Om, then F has property {EY at Om+n- 

Definition 8.36. Let F be a vector field on a manifold M and z E Ti. 
Say that z is of type (L) for F , if the germ of F at z is a regular 
extension of some linear vector field on M" at 0„ for some n> Q. 

Corollary 8.37. [22, Th. 27]. Every point of type (L) has property 
{EY for each / > 0. 

Proof. As noted above, every linear vector field is a regular extension 
of some vector field considered in § §8.2ti8.4t see also fl7.18p . Then our 
statement follows from Lemma [8. 351 □ 

The problem of linearization of a vector field in a neighbourhood of 
a singular point was extensively studied, see e.g. JH], HH, H^l [ISl [2]- 

Corollary 8.38. [2^ Th. 1(A)]. Suppose every z E is of type (L) 
for F. Then Sh(F) = £id(F)0. 

8.6. Reduced Hamiltonian vector fields. In |27j the author pre- 
sented a class of examples of highly degenerate vector fields F on M" 
with singularity at for which Sh(F) coincides at with £^id(F)^ for- 
mally. That is for each h G £^id(F)^ there exists a G C°°(R",]R) such 
that j°°h{0) = j°°(f{a){0). Every such vector field (and even its initial 
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non-zero jet at 0) turned out to be non-divisible by smooth functions, 
c.f. Corollary Eini 

Moreover, in the following special case it can be said more. 

Let (yf : — i> M be a homogeneous polynomial of degree p > 2, so 

(8.23) g = L'l---L'^-Qf---Ql\ 

where Lj is a non-zero linear function, Qj is an irreducible over M 
(definite) quadratic form, Zj,gj > 1, Li/Lii ^ const for i ^ i' , and 
Qj/Qji 7^ const for j ^ j'. Put 

Then g = Li ■ ■ ■ La-Qi ■ ■ ■ Qb- D and it is easy to see that D is the great- 
est common divisor of the partial derivatives g'^ and g'y. The following 
polynomial vector field on M?: 

F{x,y) = -{g'jD)£ + {g'jD)l 

will be called the reduced Hamiltonian vector field of g. In particular, 
if g has no multiple factors, i.e. /j = qj = 1 for all i,j, then D = 1 and 
F is the usual Hamiltonian vector field of g. 

Notice that F{g) =0 and the coordinate functions of F are relatively 
prime homogeneous polynomials of degree degF = a + 26 — 1. 

If degF = 1, so F is linear, then by Corollarv lOSl ShiF) = ^id(F)°. 

Suppose degF > 2, so a + 26 > 3. Then we will distinguish the 
following two cases, see Figure [51 

Case (HE): a = and b > 2. Thus g = Qi ■ ■ ■ Qb is a. product of at 
least two distinct irreducible quadratic forms, and, in particular, the 
origin G is a global extreme of g 

Case (HS): all other cases, so either a > 3 and 6 = 0, or a > 1 but 
6 > 1. Then G is a saddle critical point of g. 




(HE) (HS) 
Figure 5. 



It is shown in [26j that in the case (HE) Sh{F) ^ ^id(F)°. By 
Lemma [8. 341 this implies that (HE)-singularities do not satisfy (E)'^. 

The last statement can also be verified by another arguments. Let 
^ : \ — i> M be the function associating to every 2; 7^ its period 
with respect to F. Then ^ is a C°° shift function on \ for the 
identity map idiK2. But since j^F(O) = 0, we have that \im9{z) = 00, 

see Example 13. 15[ Hence 6 can not be even continuously extended to 
all of . Therefore the origin G does not satisfy (E)°. 
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Definition 8.39. Let F be a vector field on a manifold M and ^ G S. 
We say that z is of type (HE), resp. (HS), for F, if the germ of F at 
z is a regular extension of some reduced Hamiltonian vector field of a 
homogeneous polynomial (18.231) of the case (HE), resp. (HS). 
In either the cases we say that z is of type (H). 

Example 8.40. A singular point of a vector field can belong to distinct 
types. For instance, consider the following vector field on M^: 

F{a,b,c,d,e) = (2a, -4c^ 46^ -rf^ - 2rfe, 3de + 26^) 

Then F is a product of the linear vector field 2a^ and reduced Hamil- 
tonian vector fields of polynomials + and e + d'^e^. Whence the 
origin G belongs to each of the types (L), (HE), and (HS). 

As an application of [27] and the results of the present paper we 
will prove in next section the following theorem which extends Corol- 
lary [8]38] to vector fields with singularities of type (H). This theorem 
is also a "global" variant of [271 Th. 11.1]. 

Theorem 8.41. Let F be a vector field on a manifold M tangent to 
dM and such that every z G S belongs to one of the types (L) or (H). 
Then Sh(F) = £^id(F)^. Moreover, F satisfies condition GSF, i.e. if G 
is another vector field each of whose orbits is contained in some orbit 
of F, then there exists a C°° function a : M — >■ R such that G = a F. 

Moreover, if, in addition, every z E T, belongs to one of the types (L) 
or (HS), then Sh{F) = £id(F)0. 



9. Properties ESD{l;d,k) 

In this section we introduce another series of properties ESD(/; d, k) 
being weaker than (-E)', but similarly to them property ESD(0; 1, k) for 
singular points of F guarantees Sh(F) = £^id(F)^, while ESD(/; d, k) im- 
plies ESD{0; d, k) for regular extensions. We also describe ESD{1; d, k) 
for singularities of types (H). This will allow to prove Theorem l8.41[ 

For / > let M'j, = {xi > 0} be closed upper half space in W. 

Definition 9.42. Suppose that S is nowhere dense at z E and let 
< I < oo, < d < oo, and < k < oo. Say that F has extensions 
of shift functions under k- deformations property ESD(/; d, k) at 

z if the following holds true: let 

• V be a connected, open neighbourhood of z, 

• be a either or^}^, 

• n : V X X I'^ M be an {S^; J^, k)- deformation m S{F, V), 
such that for some (cro,To) G S"' x J*^ the map i7(o-(,,ro) has a 
function a on all ofV, and 

• A : {V \ Ti) X S'' X I'^ ^ be a unique continuous shift function 
for Q such that A(o-,) .j-g) = a; 
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then there exists a neighbourhood W G V x S'' of {z, ctq) such that for 
each T G I'^ the function A,- smoothly extends to W . 

For d = Q the number k does not matter, therefore in this case we 
will denote the corresponding property by ESD(/; 0, — ). Also notice that 
ESD(0; 0, — ) is a tautology, therefore we usually assume that I + d > 1. 

Remark 9.43. a) Definition 19 .421 does not require for A to be contin- 
uous onW X S'' X I'^. 

b) Also notice tliat ESD(/; d, k) is a property of the germ of F at z, 
i.e. if U is an open neighbourhood of z, then F has ESD(/; d, k) at z if 
and only if the restriction F\u has this property at z. 

The following lemma is a direct consequence of definitions and we 
left it for the reader. 

Lemma 9.44. For < I < I' < oo, < d < d' < oo, and < k < 

k' < oo the following implications hold true: 

(a) {EY ^ {BY, 

(b) {EY ESD{l;d,k), 

(c) ESD{r;d',k) ESD{l;d,k'). 

Thus ESD(1; 0, — ) and ESD(0; 1, oo) are the weakest properties. □ 

Evidently, Theorem 15.241 claims that either of its conditions (a)-(c) 
implies ESD{0;d,k) for z for all d > 0. Moreover, the proof of The- 
orem [523 only uses property ESD{0;d,k). Hence the following result 
being also an analogue of [221 Th. 25] (see Lemma [8]34]) holds true. We 
leave the details for the reader. 

Theorem 9.45. Suppose S is nowhere dense in V and there exists k G 
{0, . . . , oo} such that F has property ESD(0; 1, k) at every z E T, nV . 
Then 

(9.24) Sh{F,V)=S,^{F,VY, 
In particular, ifV = M, then Sh{Y) = ^id(F)^ 

Lemma 9.46. c.f. [271 Th. 4.1] Suppose F has the weakest properties 
ESD(1;0, — ) and ESD(0; 1, oo) at each of its singular points, then F 
has GSF as well, see H^. 51 

Proof. It is shown in [27, Th. 4.1] that if for each z G S there exists 
a neighbourhood V such that Sh{F,V) = Sid{F,V)°° and the shift 
map ifv satisfies the so-called smooth path-lifting condition, see [271 
Defn. 4.2], then F has property GSF. 

The first assumption Sh{F, V) = £^id(F, V)°° can be satisfied due 
to property ESD(0; 1, oo) for singular points of F and Theorem 19.451 
Moreover, smooth path-lifting condition is the same as ESD(1; 0, — ). □ 

The next statement describes in such a way ESD(/; d, k) is inherited 
with respect to regular extensions, c.f. Lemma [8.351 
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Lemma 9.47. Let G (resp. F) be a germ of a vector field on M" at 0„ 
(resp. on R^-^" at Om+n)- Suppose F is a regular extension of G, and 
-^(Om+n) = 0, so G{Om,) = as Well. If G has property ESD(/ + n; d, k) 
at Om, then F has property ESD(Z; d, k) at Om+n- 

Proof. Let V"^ and V^" be open connected neighbourhoods of 0^ and 
On respectively. Then V'^'^^ = V"^ x is a connected, open neigh- 
bourhood of Om+n- 

Let = W or M^, {cxq, tq) e S x Q : 1/'"+'^ x 5' x ^ R™+" be 
an (5*'; I'^, /c)-deformation in S(F, V"^'^"'), such that fi(o-o,To) = </'y'"+"(a) 
for some a E C°°(K'"+'^, M), and A : (\/'»+" \ S^) x x /'^ ^ R be a 
unique shift function for Q such that A(o-g t-q) = a. 

By Lemma [7.311 the projection 

^ =Pmon:V"' xV X X I'^ ^ R™ 

is a (y^ X S*'; I'^, /c)-deformation in E{G, V"^) and A is a shift function 
for Then by ESD(/ + n; d, k) for Om there exists a neighbourhood W 
of (Om, 0„, (To) in X V^" X S"' such that for each t E I'^ the function 
At- smoothly extends to W . This implies ESD(/; ci, k) for Om+n- D 

Lemma 9.48. Every point of type (HS) has property {EY for all c? > 0. 
Every point of type (HE) has property ESD(/; d, k) for all l,d > and 
k > 1, but in general it does not satisfy ESD(/; d, 0) with I + d> 1. 

Proof. Let ghea. homogeneous polynomial (18.231) . F be the correspond- 
ing reduced Hamiltonian vector field of g, and V be an open connected 
neighbourhood of G R^. Suppose that degF > 2. It is shown 
in [221 EH, see [271 Th. 11.1], that in this case 

1) ^id(F, Vf = {he ^(F, V) : ji/i(0) = id}, and 

2) there exists a map A : Si^^F^VY C°^(y,R) with the following 
properties. 

(2a) v^y o A = id(£^id(F, VY), that is for each h G £^id(F, VY we have 
that h{z) = F{z, X{h){z)). Thus A is the inverse of ipv- In 
particular, we obtain that £^id(F, VY = Sh(F, V). 

(2b) the map A preserves smoothness in the following sense: for any 
(5,C~)-deformation Q : V x S ^ M'^ in ^id(F, VY the function 
A:V X S defined by A{z, a) = X{QSiz) is also C°°. 

Now we can complete our lemma. Denote = V" \ S. Let also 
be any smooth manifold of dimension /. 

(HS). Let : 1/ X 5' R2 be an (5^ C°°)-deformation in S{F,V) 
and A : X — s> R be any shift function for Q. It is shown in [26] 
that £^id(F, VY = ^{F, V) for the case (HS), so f2 is a deformation in 
S,^{F,VY = Sh{F,V). 
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Put = A (fig-). Then A^. and a\„\y are two shift functions for Q„ 
on V. Since is a "saddle" point, we obtain that V contains non- 
closed orbits of F, see Figure O Hence ipy is non-periodic. Therefore 
Act = a|o-|y, so Ag- smoothly extends to V. 

Thus we obtain a function A : V" x S*' — > M which can be defined by 
A{z,(r) = X{n^){z). Then by (2b) A is C°°. This proves {EY for 0. 

(HE). Let n : V X X I'^ ^ R'^ be an (5'; J-^, l)-deformation in 
S.^(F, Vy = ^v, (f^o, To) eS^xI'^,ae C°°{V, M) be a C°° shift function 
for r2(o-o,ro) and A : VxS''xI'^ — > R be a unique continuous shift function 
for Q such that A(o-(,,ro) = ct- 

Notice that in the case (HE) the origin is a strong pn-point for F 
and also j^F(O) = 0, so it satisfies even both assumptions (b) and (c) 
of Theorem 15. 24[ Hence for each (a, r) G S*' x the function A(o-,r) 
smoothly extends to all of V and coincides with a unique shift function 

«(f7,T) = K^{a,T)) for ^{a,T)- 

Then for each t & I'^ the obtained function A^- : x 5' ^ M is 
defined by K{z,(t) = X{Q(^„^r)){z). Hence by (2b) A^ is on V x SK 
This proves ESD(/; d, 1) for 0. 

To show that does not satisfy ESD(Z; d, 0) consider the mapping 
/i : — > defined by h{z) = —z. Since g is a product of definite 
quadratic forms, it follows that g o h = g, whence h G S{F, V). It is 
shown in [26] that h e Sid(F,Vf \ Sid(F,V)\ therefore Sh{F,V) ^ 
^id(F, Vf. 

Let us briefly recall the idea of proof. First it is not hard to show 
that the set of 1-jets at of elements of S{F,V) constitute a finite 
(actually either dihedral or cyclic) subgroup of GL(2,M). Then, using 
analogue of a Alexander trick, it was constructed a 0-homotopy ht 
between ho = idiR2 and hi = h in S(F, V). Neither of such homotopies 
can be a 1-homotopy. Indeed, j^ho^O) = id, while j^hi{0) = —id. But 
as just noted, j^ht{0) can take only finitely many values, whence j^ht 
is not continuous in t, so (ht) is not a 1-homotopy. □ 

9.1. Proof of Theorem [gTlTl By Corollary [123 and Lemmas [131 
I9.47[ and l9.48l everv point of type (L) and (HS) has property (E)^, while 
every point of type (HE) has property ESD(0; 1, 1). Then Theorem 19.451 
implies the first statement of out theorem about Sh{F, V). 

Moreover, again by Lemma [9.441 every singular point of F has prop- 
erties ESD(1;0, — ) and ESD(0;l,oo), whence by Lemma [9.461 F has 
property GSF. □ 
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